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Abstract 

A lower bound for the dimension of the Q-vector space spanned by special values of a Dirichlet 
series with periodic coefficients is given. As a corollary, it is deduced that both special values 
at even integers and at odd integers contain infinitely many irrational numbers. This result is 
proved by T.Rivoal if the function considered is the Riemann zeta function, and this paper gives 
its generalization to more general Dirichlet series. 



1 Introduction 

The special values of the Riemann zeta function 

fc=i 

at even integers are transcendental, since they are rational multiples of powers of tt. On the other 
hand, arithmetic nature of the special values C(3), C(5)7 CC''): C(9)i • ■ • at odd integers are still not well- 
understood enough. In this direction, the following results are known: 

• C(3) is irrational. (R. Apery [I], 1978) 

• dimQ(Q-span{l, C(3), C(5), CC''), ■ • •}) =00. In particular, infinitely many of the numbers C(3), C(5), CC''), C(9)i ■ 
are irrational. (T.Rivoal fel, 2000) 

• For each odd integer s > 1, at least one of the numbers ({s + 2), ({s + 4), . . . , ({8s — 1) is 
irrational. (W.Zudilin [B], 2001) 

• At least one of the four numbers C(5), C(7), C(9), C(ll) is irrational. (W.Zudilin 7 , 2001) 
Similarly, let us consider the arithmetic nature of values of a Dirichlet L-function 

" Xik) 



fc=i 



where x is a Dirichlet character modulo d. A special value of L{s,x) is well-understood if s satisfies 
x(— 1) — (— !)"■ In this case, the inclusion 
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holds, and in particular, L{s, x) is transcendental. For example, let Xs (resp. X4) be the Dirichlet 
character modulo 3 (resp. modulo 4) which is not trivial, then the following formulas are known: 

-^(I'Xa) = — 7=, L{3,X3) = ——^, L{5,X3) 



3V3' 8IV3' 729^3' 

i(l,X4) = -7, -^(3,X4) = :;7:> -^-(5,X4) 



4' ^ 32' ' ' 1536 

On the other hand, special values at positive integers s satisfying 7^ (^1)* (for example, even 

integers s for x = ^3, Xi) are not well-understood. In this direction, there are a few results, as following: 

• Let denote by Xs the real Dirichlet character modulo 5 which is not trivial. Then the inclusion 
8C(3) - 5a/5L(3,X5) ^ Q(v^) holds. (F.Beukers [5], 1987) 

• For L{s) = iy(s,X4), the following results are shown (T.Rivoal and W.Zudilin '5 , 2002)F 

- At least one of the numbers L{2), L(4), L{6), L{8), L{10), L{12), L{U) is irrational. 

— dimQ(Q-span|l,i(2),L(4),i(6), . . .}) = 00. In particular, infinitely many of the numbers 
i(2), i(4), i(6), . . . are irrational. 

The aim of this paper is to generalize the results for C{s), L{s, xa) to general Dirichlet series with 
periodic coefficients. The main theorem of this paper is Theorem 11.21 



Definition 1.1 A Dirichlet series 



is called Dirichlet series of period d if aj-^d = holds for each fc = 1, 2, . . ., and we denote 

S{a;L) — dimQ(Q-span{am, iO) | ^ < m < d,2 < j < a,j = a(mod2)}). 

Theorem 1.2 Let L 7^ be a Dirichlet series of period d, and C a positive constant satisfying 
C > d + log 2. Then we have 

S{a;L) > 

for sufficiently large integers a. In particular, we have 
• dimQ(Q-span{L(2),i(4),i(6),...}) =00. 
dimQ(Q-span{L(3),i(5),i(7),...}) = c5o. 



To obtain a lower bound for the dimension of the Q-vector space spanned by m real numbers 
6'i, . . . , 6'm, Z-linear forms / — X]j=i -^j^j such that |/| is very small with respect to the absolute values 
of the cocfhcicnts \Aj\ are used. For example, the dimension is not less than 2 if we can take \I\ 
arbitrary small. For higher dimensional cases, a criterion was shown by Nesterenko ([4], 1985). 

Therefore, it is necessary to construct Z-linear forms /, consist of the values of L{s) at even (or 
odd) integers, such that \I\ is very small with respect to absolute values of its coefficients. This is 
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equivalent to constructing Q- linear forms / such that |/| is very small with respect to the absolute 
values and denominators of the coefficients. 

In this paper, the Q-linear forms / are constructed in section 2. This construction is a direct 
generalization of that of [5]. Absolute values and denominators of the coefficients are estimated in 
section 3, and |/| is estimated in section 4. To estimate |/|, an integral representation of / and the 
saddle point method are used. The main theorem is proved in section 5 by applying the criterion of 
Nesterenko. 

Acknowledgement: I would like to thank Professor Takayuki Oda for his kind guidance and encour- 
agement. 



2 Construction of the linear forms 

Let 

OO 

Lis) = E 



k=l 



be a Dirichlet series of period d. Assume that 01,02, .. . are reals, and not all ak are 0. We denote by 
Cmis) the function 

k>l, 
k=m{d) 

Choose positive integers a, b satisfying a > 2b. For each positive integer n, consider the rational 
function Pn{t) defined by the equations 

Hn(t) 

Qn{t)^ n {t-i){t+i), Rn{t)=( n 

dn<l<{d+2b)n ^-n<l<n 

By the assumption on a and b, we have 

deg Rn = 2an + a> Abn + 26 > 4&n + 2 = deg Q„ + 2. (2.1) 
Therefore we can decompose Pn{t) into partial fractions: 

i = l l=-n ^ ' 

Moreover, (|2.ip implies 

n 

E^u(")-0. (2.2) 

l=—n 

Remark 2.1 Although P„(t), Qn{t), Rn{t), Aij{n) depend on n, we omit n from the notation if no 
confusion is possible, and denote them simply by P{t), Q{t), etc. 
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Lemma 2.2 For each integer l<j<a, j^a (mod 2), we have 

71 

E ^''^ = 0- (2.3) 

l=-n 

Proof. Since P{t) satisfies the relation P{—t) — (— l)°P(i), we have 

^ ^ (t- diy ^ ' ^ ^ (t- diy ■ 

j=l l=-n ^ ' j=l l = -n ^ ' 

Since the decomposition into partial fractions is unique, we have (— 1)"^; j = {—X)^A_i j. Hence the 
equation Ai,j + = holds for each —n <l<niij^a (mod 2). Therefore, we obtain 

For each integer 1 < m < d, we define G M by the equation /„i = k>dn, P{k)- 

k='m{d) 

Proposition 2.3 Wc have 

^ ^ Aj C,jyi i^j ) Byji , 

2<j<a, 
3 = 0.(2) 

where the coefficients Aj, Bm are rationals defined by the following equations: 



l — — n l^i^Q-) 
— n</<n 



(d(n -l-l) + m)'-' 



Proof. For each N > n, we have 



5^ (fc - ("^^ ^ {d + my ^'"^ {dN + my) ^ 



d(Af+l)>fc>dn 



1 1 



^mJ (d + m)J l) + m)^ 

By taking the sum and using (|2.2p and Lemma [521 we obtain 



d(iV+l)>fe>dn, 2<j<aA=-n 
k=m{d) J=a{2) 



an / ^ 



1 

H + 



By taking the limit of both sides as iV — oo, we obtain the assertion. 
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Let / = Y.m=l O-ml-n 



Proposition 2.4 We have 



2<j<a. m=l 



where the coefBcients Aj and Bm are rationals defined by the following equations: 



i<i<o, 

—n<l<n 



■ m^ (d{n - I - 1) + my 

Proof. This follows immediately from the definition of / and Proposition [ 



3 Estimation for the coefficients 

We denote by Aj the differential operator 

Adt) 

Let D2dn =- lcm{l, 2, . . . , 2dn} and i?o(t) = " ^^0- 

Lemma 3.1 Let (7 be a polynomial of degree < 2n. Assume that the rational function p(t) —q{t)/Ro{t) 
satisfies 

Pk^ {pit){t~dk))\t^dkeZ, \pk\<C 

for each —n < k < n and some positive constant C. Then we have 

iD2dnY{A,{pit){t-dk)))l^^^ e Z, (3.1) 

9r) 

A,{pmt-dk)))l^^^ <-C (3.2) 



for arbitrary integer j > 0. 



Proof. It is trivial for j = 0, hence we may assume j > 1. Since degg < 2n, we can decompose p{t) 
into partial fractions: 



l — — n 



By computation, we have 



Pi{t-dky\ ^ f -pi{dk-di) \ ^ {-iy+^pi{dk-di) 
{t-di) J \ {t-di) ) {t-diy+^ 
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for each I ^ k, therefore 



— n<t<'r. 
l^k 



Thus, we have (jSTTj) since the inclusion 

D2dn 



dk — dl 

holds for each I k, and we have (|3.2p since we have 



1 1 

< 



for each I ^ k. 
Let 



{dk - diy - dJ 



Q^{t) = d^'' II (t-l) (l<i<6), 

(£i+2(i-l))n<(<(d+2i)n 
(d+2(i-l))Ti<(<((i+2i)n 



Lemma 3.2 The following pairs [q{t), C) satisfy the assumption of Lemma [Ol 

(i) q{t) = g,(t) (1 < ^ < fe), C = -1^ n 

^ {2d+2(i-l))n<l<{2d+2i)n 

(ii) Q_,(t) (1 < z < 6), C = -1^ n L 

^ {2d+2(i-l))n<l<(2d+2i)n 

(iii) g(t)=d2„.(2„)!,c=|^. 

Proof, (i) Let pk — {Qi{t){t — dk)) \t=dk for each —n < k < n, then we have pk £ since 



Pk = ± 

Moreover 



(i(r7, - k) + 2in\ / 2n 
2n I \n — k 



i»i^rr*'")-e:)^w n 

^ / \ / V / (2rf+2(i-l))n<;<(2d+2i)n 

Thus the pair (g(t),C) of (i) satisfies the assumption of Lemma 13.11 (ii) is similar, (iii) We define 
as above, then we have p^ — ±(^^^^'^,). Therefore we obtain pj. e Z and 

, , f2n\ i2n)\ 
\Pk\ < ' ^ - ^ ^ 



\n J (n!)^ ' 
as required. 
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Fix integers l,j satisfying — n < Z < n, 2 < j < a, and j = a (mod 2). Let us estimate the absolute 
value and the denominator of Ai^. Define rational functions pi, . . . ,pa as follows: 

Ho(t) 

= ^ (26+1 <z<a). 

Then we have 

Proposition 3.3 The foUowings are true: 

{D2dnr-'Aj e (3.3) 

log l^ij I < 2a log 2 + 4(b + d) log(6 + d) - 4d log d + o(l) as n ^ oo. (3.4) 
n 

Proof. By the Leibniz rule, we have 

A, = {Aa-,Pit)it~dl)%^^^ = J2{^nPiidl)---A,^paidl)), 

where the sum is taken over all pairs (ji, . . . , ja) satisfying a ~ j — ji + ■ ■ ■ + ja- By Lemma [3. II and 
LemmalSm we have {D2dn)-'^ AjiPi{dl) G Z for each i, j^, hence we obtain (|3.3p . 
Next, let us estimate |j4;.j|. Let 

c, = Cfc+, = n ^ 

^ (2(i+2(i-l))n<i<(2d+2i)n 



^ ^ (26+1 <i<a). 



' (n!)2 

Then, by Lemma |3. II and Lemma 13.21 we have 

2nc,: 



Aj.p.(dO < 



for each Therefore we have 



{2nY 

\l\j,Pl{dl) ■ ■ ■ l\j^Pa{dl)\ < ^^Ci---Ca 

for each pair (ji, . . . , ja). Since the number of the pairs (ji, . . . , ja) considered is not greater than 
C'^a-i^)^ we have 

, , , /2a - j - 1\ (271)" 

Therefore we have 

^Og\Aij\ l0g(ci •••Ca) , 

■ — —< ^ -+o(l) asn-5>oo. 
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Since 

^^_ mb + d)n)lf{i2ny.y-"' 
((2dn)!)^(n!)2'^ 

we obtain p.4p by the Stirling formula. 



Proposition 3.4 The foUowings properties of Aj, Bm are true: 

{D2dnTAj,{D2dnTB„,eZ. (3.5) 

logl^j l logl^ml ^ 2alog2 + 4(b + d)log(b + d) -4dlogd + o(l) as n ^ oo. (3.6) 
n n 

Proof. By the definition of Aj, we have \Aj \ < {2n + 1) • max_„<;<„ Therefore we have 



log 1^7 1 logU; ,1 

— < max — 2-L_yi+o(l) as n ^ oo. 



-n<l<n n 



By Proposition 13. 3[ we obtain (13.61) for Aj . Similarly, we can show (13.61) for Bm ■ 

Let us prove (|3.5p . By the definition of Aj and Proposition 13. 3[ the inclusion (-02*0° "'^j ^ ^ 
holds. In particular, we have {D2dn)°' Aj S Z. Similarly, we have the inclusion 

for each < fc < 2n. Therefore we obtain {D2dnY B„i by the definition of S,„. ■ 

4 Estimation of |/| 

4.1 Integral representation of / 

Let r = {d + 2b)/d. 

Proposition 4.1 The following integral representation hold for the sum /„: 

P(dni)cot ^ (4-1) 



2j . ^ 

where x is an arbitrary real number satisfying 1 < a; < r. 
Proof. The well-known formula 



implies that the poles of the function 



TT cot nt 

t 

k=l 



k t + k 



TT 7r(t — to) 
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are t = k {k = m (mod d)), and its principal part is 

Since P{t) has a zero of order 1 at each integer k {dn < k < dm), we have 

k>dn, k>drn, 
k=m{d) k=ni{d) 

Let M be a real number satisfying dn < M < (d + 26)n, and N a sufficiently large integer. Consider 
the integral 

1 /" N nit — m) , 

— / P(t).-cot^— ^di (4.2) 

along the contour TZ of the rectangle in Fig. [T] 



M + Ni 




N+^+Ni 


M 




Re 



Figure 1: The contour TZ 



Since P{t) has no poles in the region Re(i) > 1, the residue theorem implies that the integral (|4.2p 
converges to —Im as iV — > oo. Moreover, the integral over the right, lower, and upper edge of the 
rectangle converges to as iV — > oo. Indeed, the length of the path is 0{N), and the absolute value of 
the integrand is 0{N^'^). Thus, we obtain the equation 

Im - lim -— / Pit) ■ - cot '-dt - -— / Pit) ■ - cot '-dt. 



By substituting dTit for t, we obtain (|4.1 



Lemma 4.2 The following formula holds uniformly in the strip 1 < Re(t) < r: 



= (l + o(l))(^(n)e"^(*)g(t) as n ^ cx). (4.3) 

2i smdntTT 
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Here, f{n), f{t), and g{t) are functions defined by the following equations: 

fit) = d{{t + r) \og{t + r) + i-t + r) log{-t + r)) 

+ {a + d){{t-l) log(< - 1) - (i + 1) log(t + 1)) , 

(t + r)^(-t + r)^ 

g[t) = — ir^T- TT^- 

+ — (t- 1) — 

Proof. We can express Q{dnt), R{dnt) by Gamma functions: 

r{dnt + drn + l) r{dnt-dn+l) 



'^^'^"^^ T{dnt + dn) T{dnt-drn) ' 
R{dnt) = (d^ 



fln+i T{nt + n+l)Y 



T{nt — n) 

By the functional equations of Gamma function, we have 

1 



T{dnt — dm) = 



sill TT{dnt — drn) 



T{-dnt + drn + l) sin dntir ■ T{-dnt + dm + 1) ' 



T{nt-n+l) , , T{dnt + dn+l) 

T{nt-n) = —. V{dnt + dn)- ^ ^ ^ ' 



(nt — n) (dnt + dn) 

Therefore we have 

P{dnt) _ (-l)*'(dn< + 
sindntTT 'Kd°-{nt — n)'^ 

T{dnt + dm + l)T{dnt - dn + l)T{-dnt + dm + l)T{nt -n+ 1)" ((27i)!)""^'' 
^ T{dnt + dn+ l)r{nt + 71+1)" ' 

By applying the Stirling formula, we obtain (I4.3p . I 
For each A G M, we denote by J\ the integral 

where a; is a real number satisfying 1 < a; < r. It is easily verified that the definition of Jx doesn't 
depend on the choice of x. 



Proposition 4.3 We have 



/= (l + o(l))^(n)( J2 ^^"^M 

\-d<\<cL J 



\=d{2) 
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where b\ is a constant defined by 



2 



Proof. By the definition of / and Proposition 14.11 we have 

n r+'°° P{dnt) , , , /(dnt-m)7r\\ , 
-— / . \ M > a™(sindnt7r)cot ; — — ]dt. 

This equation and Lemma 14.21 implies 

I = {l + o{l))if(n) I e"-^<*)ff(t)(^^ arn{&i-i^ dntir) coi( ^'^^^^ ~^^'^ \\dt dsn^oo. 

Jx-ioo ^m=l ^ ^ ^ 

Therefore, it is sufficient to prove the equation 

('^a„(sinto)cot('^^^^^^^]] = &Ae-"^"*. (4.4) 

\=d(2) 

Let W„ = gi(rf«t-m)7r/d^ gjj^^g 

sindrttTT = (— 1)™ sin((in< — m)7r = (—1)'^ 



2z 

we have 

,M ■ cot ^^"^ ~ = (-1)™ . . (^rn+^rn)/2 



2i (Wm - LJrn )/2i 



2 

By substituting Wm = e'"*"^ • e"™'^/'', and taking the sum, we obtain (|4.4p . ■ 

Lemma 4.4 (i) For each A, we have h-x = bx- 

(ii) 6±<i e K. 

(iii) Not all bx are 0. 

Proof, (i) and (ii) follows immediately from the definition of 6a and our assumption a,„ G R. To 
prove (iii), it is sufficient to show that b-x — b-x+2 = ■ ■ ■ — bx-2 = implies ai — ■ ■ ■ = a„i — 0. The 
determinant of the matrix (^e""'*'^/'')^ ^ {—d < A < d, A = d{2), 1 < m < d) is factorized as 

A A<A' 

(the Vandermonde determinant), hence it's not since e^^'"^'^ ^ e^'^ ^1'^ for each —d < X < X' < d — 2. 
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4.2 Lemmas concerning f'{t) 

To obtain the asymptotic behavior of the integral J\, we examine f'{t) in detail. We assume that the 
functions f{t), g(t) are defined in the domain in Fig. [21 




Figure 2: The domain of / and g 



Since fit) = d{\og{t + r) - log(-i + r)) + (a + d)(log(t - 1) - \og{t + 1)), we have 

R.(/-w).iog ^^+;i;i;-;i°l . 

Im(/'(i)) = d(arg(i + r) - arg(-i + r)) + (a + d) (arg(t - 1) - arg(t + 1)) . 
Here each arg is chosen so that its value is for each t e (1, r). 

Lemma 4.5 (i) For 1 < Re(t) < r, Im(i) < 0, we have Im(/'(t)) < 0. 
(h) For t £ (1, r), we have lm{f'{t)) = 0. 

(iii) For t E (r, oo), we have Im(/'(t)) = dir. 

(iv) For Im(t) > 0, we have < Im(/'(0) < (a + d)TT. 

Proof, (i) We have arg(i + r) < 0, arg(-t + r) > 0, and arg(i - 1) < arg(f + 1), hence Im(/'(t)) < 0. 
(ii) Im(/'(t)) = d{0 - 0) + (a + (i)(0 - 0) = 0. (iii) Im(/'(i)) = d{0 - (-tt)) + (a + rf)(0 - 0) = dvr. (iv) 
Let a{t) = TT — (arg(< + r) — arg(— i + r)) , and /3(t) = arg(i — 1) — arg(i + 1). Then these are angles as 
in Fig. II 

Thus, we have < /3{t) < a{t) < tt, and we obtain 

< (a + d)P{t) + d(TT - a{t)) = al3{t) + dn - d(a{t) - /3{t)) < an + dn = {a + d)TT. 



12 




Lemma 4.6 Let x S [l,r] and E (0,7r), then Im(/'(i)) increases monotonically on the segment 
t^x + ue'" (0 < u < Vx^ - 1). 

Proof. Let a{t), /3{t) be as in Lemma Since Im(/'(i)) = d(Tr — + (a + d)/3{t), and obviously 
a(i) decreases monotonicahy on the segment considered, it is sufficient to show that /3{t) increases 
monotonically on the segment. Assume < ui < U2 < \J x^ — 1, and let us prove fiix + uie*^) < 
fi(x + 7/26*^). Define points P, A, _B, C, D, and £' on the complex plane by 

By assumption, P, C, D, E are collinear in this order. By the power of a point theorem. A, B, C, E 
are concychc. See Fig. 21 




A BP 
Figure 4: The points P, A, B, C, D, and 



Since D lies inside the circle, we have ZADB > ZACB, that is, (3{x + U2e*^) > (3{x + uie*^). ■ 

Let R ~ {a + d)/d. Assume that the inequality R> 3r holds. 

Lemma 4.7 For each < 9 < there exists a unique ug > satisfying Re(/'(r + uge^^)) = 0. 
Moreover, we have Re(/'(r + > for < w < ue, and Re(/'(r + we'^)) < for U > ug. 
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Proof. Let us consider the function 



(log|2r 



■ ue 



logu^) - i?(log |r + 1 + ue'^p - log |r - 1 + we^^p) 



By computing the derivative of the function fe{u), we have 



, /2u + 4rcos6' 2\ /2u + 2(r + 1) cose* 2u + 2(r - 1) cos 6'\ 



-r(cos 9u + 2r) 



-R- 



' (cos 6v? + 2ru + (r^ — 1) ( 



_ 4(C5U^ + C4M^ + CsM^ + C2U^ + CiU + Cq) 

~ w|2r + ue*''|2|r + l + ue^''P|r- l + ue*^p' 

where the coefficients C5 , . . . , cq are defined by 

C5 ^ {R-r)cose, C4 = (i?-r)(2r + 4rcos^6'), 

C3 = i?cos6'(13r2 - 1) - rcos6l(l0r2 + 2 + 4(r2 - 1) cos^ 9), 

C2 = i?(8r^ + 4r{r^ - 1) cos^ 6I) - r{4r{r^ + 1) + 12r(r2 - 1) cos^ 9) , 

ci = R cos 94:r'^{r'^ - 1) - rcos6i(r2 - l){9r'^ ~ 1), 

Co = -2r2(r2-l)2. 

By our assumption i? > 3r and ^ <9 < §, we have the following inequalities: 

C5,C3,Ci>0, C4,C2>0, Co < 0. 

Hence the function c^vt" + 04^"* + cau^ + C2M'^ + c\u + co takes a negative value at u = 0, and increases 
monotonically as u increases from to cx). Therefore, there exists wo > such that 

< (0 < u < wq), > (uo < u). 

Moreover, it is easily verified that 

lim = 00, lim /e(-u) = 0. 

Thus, /e changes as in Table [TJ and we obtain the assertion. 



u 


+0 




Mo 




00 


I'M 


—00 







+ 





h{u) 


00 


\ 










Table 1: The change of 
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Lemma 4.8 There exists a unique xq £ (1,?') which satisfies f'{xo) = 0. There exists a unique 
xi £ (r, oo) which satisfies f'{xi) — dni. Moreover, for each t £ (1, oo) \ {r}, wc have 

Re(/'(t)) < (1< i < xo), Re(/'(i)) > {xq < t < xi), Re(/'(i)) < {xi < t). 

Proof. In the interval the function 



Re(/'(t))=(-l + ^)'(] 



-dR 



t-1 

monotonically increases as x increases from 1 to r. Since 

Jm^Re(/'(i)) = -oo, Jni^Re(/'(i)) = oo, 

there exists a unique xq satisfying Re(/'(a;o) = O). By Lemma H31 xq satisfies f'{xo) = 0. The unique 
existence of xi follows by applying Lemma 14.71 for 9^0, and by Lemma 14.51 The rest of the Lemma 
is immediate. I 



Lemma 4.9 Let x £ (l,oo). 

(i) li X £ [xq,xi] then there exists a unique Ux > which satisfies Re(/'(a; + yxi)) — 0. We have 
Re(/'(a; + yi)) > for < y < y^:, and Re{f'{x + yi)) < for y^ < y. 

(ii) If x ^ [a::o,a;i] then the inequality Re(/'(a; + yi)) < holds for arbitrary y > 0. 
Proof. Let us consider the function 

/,(y) = ^Re(/'(x + yz)) 

= log((a; + rf + y^) - \og{{x - rf + y^) - R{\og{{x + if + y^) - log((x - 1)^ + y^)). 
By computing the derivative of the function fx{y), we have 



(x + r)^ + y^ (x — rf + y'^ J \(x + l)^+y-^ (x — If + y'^ 
—Arx ARx 



^ ({x + rf + y^) {{x - rf + y^) ' {{x + If + y^) {{x - If + y^) _ 
8xy{{R - r)y^ + 2{R{x'^ + r^) - r{x'^ + l))y2 + R{x'^ - r'^f - r{x'^ - if) 
" {{x + rf + y2) ((a; - rf + y^) {{x + If + y^) {{x - If + y2) ' 

Since {R—r)y'^ + 2(^R{x^ +r^) — r{x^ + l))y2 + R(x^ — r^ f — r{x^ — if increases monotonically, there 
are two possibilities as follows: 

(a) fxiy) increases monotonically. 

(b) There exists some yo > 0, such that fx{y) monotonically decreases in the interval < y < yo, 
and monotonically increases in the interval yo < y. 

If X e [a;o,xi] then we have fx{0) > 0, and limj^^oo /x(y) — 0. Hence (a) can't occur, and (b) 
holds in this case. Thus we obtain the assertion of (i). li x ^ [xo,xi] then we have /^(O) < and 
limy^oo fxiy) ~ 0. In this cases, we have jx{y) < for arbitrary y > whether (a) or (b) is true. I 
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Proposition 4.10 For each < A < d, there exists some i G C which satisfies f'{t) = Xiri, Re(t) > 1, 
and Im(<) > 0. 

Proof. We can regard yx in the Lemma as a continuous function of x. Thus Im(/'(a; + yxi)) is a 
continuous function of x defined in the interval [a;o,a;i]. Then the assertion follows from f'{xo) — 0, 
f'{xi) — dni, and the intermediate value theorem. ■ 



Definition 4.11 For each < A < rf, wc choose a complex t satisfying the condition of Proposi- 
tion 3TU1 and denote it by t\. For X — 0,d, Let to = xq, = xi. 

Remark 4.12 t\ is in fact uniquely determined, but we do not need the fact in this paper. 
Let p = xi — r. 

Lemma 4.13 We have p < 
Proof. We have 

5«</'(-^))<» 

since 

1„ /„/ r-l\\ , 5r-l , / 4 \^ , /5r-l\ , / 4i? 
-Re /' r+^— =log ^-log 1 + - < log - log 1 



r — 1 \ 3r — 3/ \r — 1/ \ 3r — 3 

, ,'5r-l\ , / 12r 
<log -log l 



r — 1 J \ 3r — 3 

Therefore the assertion follows from Lemma 



Lemma 4.14 On the semicircle t = x + ^ p^ — [x — r)^i (r — p < x < r + p) of radius p with center 
r, Re(/'(i)) monotonically increases as x increases. 

Proof. By computing the derivative of the function Re(/'(t)) with respect to x, we have 

ddx ^-'^'^ |i + r|2 \\t + l\^ 

4r 4i?(r2 - I - p^) 

-fTV^^ |t+l|2|i„l|2 ■ 

By Lemma 14.131 we have 

2 , 2 2 , (r-lf (r-l)(3r + 5) ^ 

r -1- p > r'' -1- — = > 0. 

4 4 

Therefore we obtain the inequality ^ Re(/'(i)) > 0, as required. ■ 
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Lemma 4.15 Let Re(i) > 1, lm{t) > and |i — > p, then we have Re(/'(t)) < 0. In particular, we 
have \t\ — r\ < p for each < A < d. 

Proof. By Lemma [4. 141 we have Re(/'(r — p)) < 0. Therefore we have r — p < xq. Let t = x + yi. If 
X ^ [xq, xi], the conclusion comes from Lemma 14.91 Let us assume x € [xq, xi]. Since r — p < xq, there 
exists some y' > satisfying |(a; + y'i) — r\ ^ p. By Lemma [4.141 we have Re(/'(a; + y'i)) < 0. By the 
assumption |t — r| > p, we have y > y' . Hence Re(/'(i)) < by Lemma [L9l ■ 



4.3 The asymptotic behavior of Jx 

We compute the asymptotic behavior of J\ by the saddle point method. According to the following 
Lemma, we can limit our consideration to the case where A > 0. 

Lemma 4.16 J a = -/a- 

Proof. By the Schwarz reflection principle, we have f{t) = f{t) and g(t) — g{t). Therefore, we have 



px — ioc 



Lemma 4.17 We have y/x^ — 1 > p ioi x > r — p. 

Proof. It is sufficient to show (r — p)^ — 1 > p^. By Lemma [4. 131 we have 

(r - p)^ - 1 - p2 = - 1 - 2rp > - 1 - r(r - 1) = r - 1 > 0, 
thus, the proof is completed. I 

Let t\ = x\ + y\i = r + uxe"^^^, where x\,y\,u\ G M and 9\ G [0,7r]. For each < A < d, we define 
the path C\ as follows: 

(i) The case where < A < d and xx < r. Let Cx be a polyline connecting xx — ioo, xx + ip, and 
oo + ip in this order. 

(ii) The case where < A < d and r < xx- Take a sufficiently small positive e > 0. Let Cx be a 
polyline connecting r — e — ioo, r — e, r + ee*^-^ , r + pe'^^ , and oo + pe*^-^ in this order. 

(iii) The case where A = d. Take a sufficiently small positive e > 0. Let Cx be a polyline connecting 
r — e — ioo, r — s,r + is,r + e, and r + oo in this order. 

Since |<a — '"I < P, each path Cx pass through the point tx- 
Lemma 4.18 On the path Cx, Rc(/(t) — iXntj takes a unique maximal value at i = ^a- 
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tx 



(i) 



(ii) 

Figure 5: The path Cx 



(iii) 



Proof. For the path 0: / — > C; u i — >■ zq + ue** (/ C M), we have the equation 

= cos6iRe(/'(0(u))) - sin6'Ini(/'((?!.(u)) - \ni) . (4.5) 
Let us prove that the value of (|4.5I) changes positive to negative at tx- 

(i) The case where < A < d and xx < r. On the segment connecting xx — ioo and xx, Lemma 14.51 
imphes that the sign of (14.51) is positive. On the segment connecting xx and xx + ip, Lemma 14.61 
and Lemma l4 . 1 71 imphes that the value of (14. 5p changes positive to negative at tx- On the segment 
connecting xx + ip and oo + ip, Lemma 14.151 implies that the value of (j4.5p is negative. 

(ii) The case where < A < c? and r < xx- On the segment connecting r — e — ioo and r — s, 
Lemma 14.51 implies that the value of (j4.5p is negative. On the polyline connecting r — e and 
r + pe**^ , Lemma 14. 6[ Lemma 14.171 and Lemma 14.71 implies that the value of (|4.5p changes 
positive to negative at tx- On the segment connecting r + pe^^^ and cxd + pe^^^, Lemma [4.151 
implies that the value of (|4.5p is negative. 

(iii) The case where X — d. The proof is similar to that of (ii), except on the segment connecting 
r + ei and r + e. By taking e sufficiently small, we have Re(/'(i)) > dir on the segment connecting 
r + si and r + e. Then we have 

cos(^- Re(/'(i)) - sin(- Im(/'(i) - dni) > ^ - dn + -^(0 - dir) = 0. 

Thus, the proof is completed. 



Lemma 4.19 For each < A < d, we have 
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Proof. It is sufficient to prove the equation 



lim 

JV->oo 



„n{fit)-i\^t) 



g{t)dt = 



x+Ni 



for each 1 < x < r, y > 0, where the path of the integral is taken to be a segment. 
By the Taylor expansion of log, the following equations hold for lva(t) > 0: 

log{t + r)=logt+^+0{\t\-^), 
\og{-t + r) = -TTi + logi - ^ + 0(|t|-2), 
log(t + l) = logt + i+0(|i|-2), 
log(t-l) = logt-^+0(|i|-'). 

Therefore, we have 



f{t)- X7rit = d{ (i + r)( logt+ + {-t + r)l^-7ri + logt - 

+ dR[ {t~l)[\ogt-^) _(t+i)('iogi+i 



Re(/(i) - Xmt) = 
Since, we obviously have 



- XTrit + 0{\t\-'^) 

2d{R - r)(logt + 1) + d{t - r)TTi - Xirit + 0{\t\-^), 

2d{R - r)(log \t\ + l)-{d- A)7rlm(t) + 0{\t\-^) < 0{\t\-^). 



\9{t)\ = o{\tr)<o{\t\-'), 

we have \e"^^^*^~^'^'^*^ g{t) \ < 0{N^^) on the segment connecting x + Ni and N + yi. Hence we have 



„n(}{t)-\-Kit) 



g{t)dt 



x+Ni 



0{N-^) 



since the length of the path of the integral is 0{N). Thus, the proof is completed. 



Lemma 4.20 Let 

h{t) = dr{log{t + r)+ log(-i + r)) - dR{log{t - 1) + log(i + 1)) . 
Then, we have f{t\) — Xnitx = h{t\) for each < A < rf. 
Proof. Since f'{tx) = Xwi, we have f{tx) - Xmtx = f{tx) - f\tx)tx = h{tx). 
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Proposition 4.21 For each < A < rf, we have 



J, = (1 + o{l))e-'^i'^^g{t,)J-^p^^ ■ e^(— g/"(t.))/2 



= (1 + o(l))e"^<=(''(*^)) \g{t,)\ y • e^^^(") as iV 

where 



and the &rgf"{tx) is chosen so that 



^ ^ - arg/"(^A) ^ 37r 
'4 - 2 - 4 ' 



Proof. By applying the saddle point method for the integral 



we obtain the equation 



By using Lemma I4.20[ we obtain the assertion. 



Proposition 4.22 For < A < d, we have 



Proof. It is immediate from Proposition 14.211 

4.4 The asymptotic behavior of / 

For each A, let e\ = —tx + r. Assume r > 2. 

Lemma 4.23 We have the following estimates: 
5r 



hm i^^iM = Re(,(^,)) 



(i) P< 



log£A - ( log2r + i?log^— "4 - ^ 
r + 1 d 



< 
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(iii) h{t),) - (2dr log2r + dR{r - 1) log(r - 1) - dR{r + 1) log(r + 1) - r\m - de^) < ^^\e\ 
Proof, (i) By Lemma [4.131 and the equation Re(/'(r + p)) = 0, we have 

- <--)(^)" ^ ^ - (It!)" < f - ((- ^)T" < I 

(ii) Since /'(<a) — Atti, we have 

logEA = log(2r - ex) + i?(log(r -l-ex)- log{r + 1 - ex)) - 



|2 



therefore 



logEA - ( log 2r + i? log ^— "4 - ^ 
r + 1 d 



Moreover, by using the estimate 



|log(l + t)|<^|t| (\t\<^ 



(this estimate follows immediately from the Taylor expansion of log(l + t)), we can show that the 
absolute value of the right hand side of (|4.6p is not greater than 

^(]_ R R \ < < , 8\ ^ 5Rp 

2 \2r r-1 r + lj - 2r \2R r - 1 r + 1 J - 2r \12 3 J - r ' 

Thus we obtain (ii). 

(iii) By the equation f'{tx) — Att?, we have 

hitx) = 2drlog(2r - ex) + dR{r - 1) log(r -l~ex)- dR{r + 1) log(r + l~ex)- rXni, 

therefore 

h{tx) - {2dr log 2r + dR{r - 1) log(r - 1) - dR{r + 1) log(r + 1) - rXiri - dex) 
= 2drflogfl-^V|^) +rfi?(r-l)flogfl 



2r J 2r J \ \ r — 1 J r — 1 

£\ \ _ £\ 
r + l) r + 1 



di?(r + l)(log(l-^) -^). (4.7) 



Moreover, by using the estimate 



|l0g(l+t)-i| < |t|2 (\t\<l 



(this estimate also follows immediately from the Taylor expansion of log(l + 1)), we can show that the 
absolute value of the right hand side of (|4.7p is not greater than 



„ ,0/1 R R\ Rd, 1 r r \ Rd , / 1 8\ 3Rd, 

Thus, we obtain (iii). I 
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Assume that p satisfies the inequahty 
p < min 

Then we have 



r . vr 
sm ■ 



IQRd' 2(P' 4i? 2d' 38i? 



COS COS 

2d 2d 



\ogex - ( log2r + i?log^— ^ - ^ 

r + 1 a 



< 



2d 



by Lemma [4.231 (ii). Thus, we have 



^^^^g^^^ 

Lemma 4.24 We have Re(/i(tA)) < Re(/i(iA+2)) for < A < 2. 
Proof. According to Lemma [4.231 (iii). it is sufficient to show the inequahty 

AdR, 



-dRe{ex) + — IeaP < -dRe(eA^ 



Moreover, since 

Re(£A) = \£\\ cos(argeA) > I^aI cos 
Re(eA+2) = |£a| cos(argeA+2) < |eA+2|cos 
it is sufficient to show the inequality 



|£A+2|^ 



(A + i)7r 



n(-os((^)+^|.a|).|.a. 



2| - COS 



/(A+|)7r\ 4i? 



— |eA+2| 
r 



This inequality is equivalent to the inequality 

|eA| + |eA+2|/ (A + iV (A+iV 4i? 



(kA| + |eA+2|) 



£A - eA+2 



(A + i)7r (A+ §)7r 4i?., , , , 

-cos^ — -^-cos^ — -T^ + —{\ex\-\ex+2\) > 



Therefore, it is sufficient to show the stronger inequality 



(A + i)7r (A + |)7r 

cos COS — 



> ^(|eA| + |£A+2|) 



kA|-|£A+2|/ (A + ^V , (A + iV , 4i? 



|£a| + |£A+2| 



COS ■ 



r ^ 
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By di;!]), the left hand side of is not less than Besides, we have ^(IeaI + kA+2|) < 

Moreover, we have 



(A + i)7r (A + |)7r AR . . 



4Rp 

< 1 + 1 + — - < 3. 



Therefore, to prove the inequality (j4.10p . it is sufficient to show the inequality 



\£x\ - |£a+2| 



|£a| + |eA+2| 



< 



lORp 



If I^aI < |£a+2|, we have 



Here, we have 



ex - eA+2 



I^aI + |eA+2| 



< 



£A+2 



log 


£a+2 




ea 



< 



lORp 



- 1 



by Lemma [4. 231 (iiV By using the estimate 

|I-e'|<2|t| (|t|<f), 

we obtain the inequality 



£\+2 



< 



20Rp 



as required. The case where \e\\ > |£a+2| is similarly shown. 



Lemma 4.25 For 1 < A < d - 1, we have lia{h{tx)) ^ (mod ttZ). 
Proof. By (|4.9p . we have 



(2d-l)7r TT 



Therefore we have 



Hence we obtain 



kAl< 



Im(eA) 



2d 



4i?|£Ap ^ ^ex\ / -4i?pIni(eA) 



^ — < -lni(eA). 

2d 

This inequality and Lemma 14.231 (iii) implies |lm(/i(tA)) — (— tAtt — (ilm(eA)) | < —dlm{ex). Thus, we 
have 



-tAtt < lin[h{tx)) < -rXn - 2dIm(£A)- 
Moreover, by using (|4.8p . we have 

|Ini(£A)| ^P<^- 



(4.11) 



(4.12) 
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By (|4.8p and (|4.12p . we obtain the inequality 

-rXn - < Im(/i(tA)) < -rXir. 
Since tAtt = (mod -^Z), we have lm(^h{tx)) ^ (mod -^Z), in particular, Im(/i(t>,)) ^ (mod vrZ). 



Proposition 4.26 li bd 0, then we have 



n— >-oo 



Proof. By Lemma 14.41 and Lemma 14.161 we have bdJd{n) + b-dJ-d{n) — 2bdlm(^Jd{n)) . Since 
arg/"(td) = TT, aigg{td) = -f , and lTa{h(td)) = -dm, we have 



TT TT 

^d{n) = — — — (irnTT = (mod 27rZ) 



Therefore, Proposition 14. 2 1 1 implies |lm(J(i)| = (l +o(l))| Jd|. Then the assertion immediately follows 
from Proposition 14. 221 ■ 



Lemma 4.27 Assume that b\ ^ Q for some l<\<d — 1, X = d (mod 2). Then there exists a 
sequence ni < n2 < ■ ■ • of positive integers such that: 

• — rifc is bounded. In particular, we have lim — i. 

. lim + ^Re(MtA)). 

Proof. By Lemma [4.41 and Lemma [4.161 we have b\J\{n) + b-\J-\{n) ^ 2lTii{b\J\{nj) . Moreover, 
we have 

TT — arg J"{t\) 

a,vg{bxJ\{n)) = a,vgb\ + ip\{n) + o{l), ip\{n) = \- aigg{tx) + nlm{h{tx)) 

By Lemma |4.25[ there exists a positive integer w satisfying 

^ < wlm{h{t)) < ^ (mod ttZ). 

Then for arbitrary positive integer n, at least one of the equations 

7- < arg 6a + '0A(n) < ^tt (mod ttZ), 
6 6 

TT 5 

— < arg 6a + '0A(f^ + 'i') < — (mod ttZ) 
6 6 
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holds. Let 

f TT 5 

{ni,n2,n3,. . .} ^ in - < argbx + ij\{n) < -n (mod ttZ) 

Then we have n^^i ^ rik < I + w, and the first assertion of Lemma is satisfied. Since n^, satisfies the 
inequahty 

^^^-Y^\bxJ\ink)\ < \lm{bxJx{nk)) \ < \bxJ\{nk)\, 
the second assertion of Lemma follows from Proposition 14.221 ■ 

Let Aq — max{0 < X < d \ bx ^ 0}. By Lemma [4.41 -^o is well-defined. 

Proposition 4.28 There exists a sequence ni < n2 < ■ ■ ■ of positive integers such that: 
• lim = 1 



hm '-^ = Rc(h{txo)). 

fe— >cxo Uk 

Proof. By Proposition 14.221 and Lemma [4.241 we have 



b\J\{nk) 

-d<\<d,\=d{2) 



'bx,Jx„ + b-x„J-x, + o(e"i^°('^(*^o))) (Aq > 1) 
feoJo + o(e"i^°(''(*«») (Ao=0). 



If Ao = d, Lemma [4.261 implies that the sequence Uk = k satisfies the conditions. If Aq = 0, Propo- 
sition 2211 iniplies that the sequence Uk — k satisfies the conditions. Ifl<A<(i— 1, the assertion 
follows from Lemma [4.271 ■ 

The following proposition is the conclusion of section 4. 

Proposition 4.29 Let a and b be integers satisfying a > 2b. Let r ^ {d + 2b) /d, and R ~ {a + d)/d. 
Assume that the inequalities r > 2, R > 3r, and 

5r ( m TT r t: r f IT Stt 

< nim< — — — -, — — r, — -;rsm— , cos — — cos 



2e^/'' [lORd' 2d2' 4i? 2d' 38R\ 2d 2d 

hold, then there exists a sequence ni < n2 < • • • of positive integers such that: 

• lim = 1. 

fe— >CXD Tlk 

log Ufni.) , , 

• lim — ^J——^ = 2(a- 25) log 2-^46 log (i-fRe(/i(tAo)) ■ 

Proof. By Lemma [4. 231 (i). all our assumptions on r, R, p are satisfied. Thus, this Proposition follows 
from Proposition 1128] and Proposition 14.31 ■ 
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5 Proof of Theorem 11.21 

We use the criterion of Nesterenko([4]). The foUowing theorem is the original form of the criterion 
proved by Nesterenko: 

Theorem 5.1 (Nesterenko's linear independence criterion) Let ci,C2,ti,T2 > 0. Let A'o be a 

positive integer, and assume that a monotonically increasing function cr: Z>ArQ — > R satisfies the 
conditions 

r V ^(^ + 1) 1 
lim a(t) = oo, limsup — = 1. 

t^oo <T[t) 

Let Oi,. . . ,9m G R, and assume that there exists a Z-linear form In — Sjli -^j-N^^j for each positive 
integer TV > Nq such that 

max log jvl < o{N), cie"''"^^^ < |/jv| < C2e-^^"^^\ 
Then we have the inequality 

Tl + 1 



-span(6'i, . . .,9m)) > — 



In this paper, we use it in the following form: 

Theorem 5.2 Let 9i,. .. ,9m E R. Assume that there exists a sequence ni < ^2 < • • • of positive 
integers satisfying limfc-^oo "''^^ — 1, and Z-linear form 



for each k, such that 



I{nk)=Y,'^ji^k)Oj 



-log|/(nfc)| maxj log|^j(nfe)| 
lim ' — ^ — — — a, hmsup < p 

fc^oo rife fc^oo nk 



for some a, /3 G M. Then we have the inequality 



dimQ(Q-span(6'o,...,6'm)) > 1 + 

Proof. Let e > be a positive constant. If we set 

,n\ a + e a — e 

a{k)^nk{li + e), n = —— , t2 = -r-— , ci = C2 = 1, 

p + e p + e 

then the assumptions of Theorem 15.11 are satisfied for sufficiently large iVg. Therefore, we have 

1 Q+£ I 1 



-span(6'o, . . ■,9 m)) > j 



_|_ _ T-„ II a+e _ 



By taking the limit of each side as £ — >■ +0, we obtain the assertion. 
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Proposition 5.3 Assume that a,b satisfies the assumptions of Proposition Then we have 

S{a;L)>l + ^, 



where 



a = - {2ad + 2{a-2b) log2 + 461ogd + Re(/i(iAo))), 
l3 = 2ad + 2alog2 + 4(6 + d) log{b + d) - Adlogd. 



Proof. We apply Theorem 15.21 for the linear form 



rn 

rn— 1 

of L{j) and am- By Proposition 13.41 this is a Z-linear form. Moreover, by the well-known formula 
logD2dn = 2c?n(l + o(l)) and Proposition 13. 4[ we obtain 

limsup^^^2^^^^^-^4lMi < 2ad + 2alog2 + 4(6 + d) log(fe + d) -4dlogd, 

n— >oo ^ 

lim sup (-^2dn) \Bm{n)\ ^ ^ 2 + 4(6 + d) log(6 + d) - Ad log d. (5.1) 

By (|5.ip and Proposition 14.291 we can apply Theorem I5.2[ and we obtain the assertion. ■ 

Lemma 5.4 Under the assumptions of Proposition 15.31 we have 

a > dR{{r + 1) log(r + 1) - (r - 1) log(r - 1)) 

-2a{d + log 2) - 4fe(log d - log 2) - 2dr log(2r) - - . 

3 

Proof. It is sufficient to prove the following inequality: 

Re(/i(iAo)) < 2drlog(2r) + dR{r - 1) log(r - 1) - dR{r + 1) log(r + 1) + ^ 
By Lemma [4.241 we have Re(/i(tAo)) < Ke(^h(td))- Moreover by Lemma [4.231 we have 

Re(/i(td)) < 2dr log(2r) + dR{r - 1) log(r - 1) - dR{r + 1) log(r + 1) + dp + "^^^^ . 

Since 

MRp'^ MRp rn 2tt 

— < < — p < 2dp, 

r - r lOdR "5 



we obtain 



4di?p2 , , , , rir r 1 
dp H — <dp + 2dp < 3dp < 3d ■ — — < — < 



Thus, the proof is completed. 

27 



Theorem 5.5 Let L ^ be a Dirichlet series of period d. For positive integers a, b satisfying a > 26, 
put r = (d + 2b) /d, R = (a + d) / d. If the inequalities r > 2, R > 3r and 

5r ( m TT r TT r / vr Stt 

< min< — — — — — r, — rrSm— , — COS — — cos 



2e^/'- 1 lOM' 2d2' 4i? 2d' 38i? V 2d 2d 

hold, then we have 

6{a;L) > 1 + , 

where 



a(a, &) = di?((r + 1) log(r + 1) - (r - 1) log(r - 1)) 

- 2a(d + log 2) - 46(log d - log 2) - 2dr log 
/3(a, 6) = 2ad + 2a log 2 + 4(6 + d) log(6 + d) - 4d log d. 



Proof. Let 

CO 

fc=l 

If all flfc are real, the assertion follows from Proposition I5.3[ and Lemma [5^ 
Let us prove the general case {a^ G C). Let 

^ Re(afc) Im(afe) 
fc=i fc=i 

then we have Re(L(j)) = Lr{j), and Im(_L(j)) = Li{j)- Therefore we have 

5{a\ L) > max{(5(a; Lj.), (5(0; is)}. 

Thus, the general case follows from the real coefficient case. 



Theorem 5.6 Let i 7^ be a Dirichlet series of period d. For any > 1, we have 

'^([*']'^)-dT!^(' + °^'^)' 

Proof. Let a = [i'^], 6 = [i]. The assumptions of Theorem 15.51 are satisfied if t is sufficiently large. 
By easy computation, we have /3([t^], [t\) = t'^{d + log 2 + o(l)) and 

[t]) = dR{{r + 1) log(r + 1) - (r - 1) log(r - 1)) + 0(i''). 

Since 

(r + 1) log(r + 1) - (r - 1) log(r - 1) = 2 log(r + 1) + (r - 1) log = 2 logi + 0(1), 

7' — 1 
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we have 

a(n,M) =2tnog<(l + o(l)). 

Thus, we obtain the inequahty 



J ' - ^ + (2(d + log 2) + o(l)) " d + log 2 + "^^^^ ■ 



Proof of Theorem [TT2l 

Let us take /i > 1 such that C > fi{d + log 2). By puttmg t — a^/^ in Theorem 15.61 we have 

,- / N log a , , , , log a ( C 

Since 

At(d + log2) ^ ' 

we have 

'^(a;i) > 

for sufficiently large a, as required. 



Finally, I write down the estimate obtained from Theorem 15.51 for small d. 

If d = 1, we have i5(a; L) = dimQ(Q-span|l, \ 2 < j < a,j = a(mod2)}). For even a, we have 
5(a]L) = since the value CO) at even integer j is rational multiple of vr-' . For odd a, we obtain 
the estimates as in Tabled] 

We can prove (5(5; L) > 2 by more precise estimation for a = 5, = 1. In fact, better estimates are 
known in the case of d = 1. For example, we have (5(3; C) = 2 according to Apery's theorem ([1]). and 
the estimate (5(145; C) > 3 is proved in [6]. 

For (i > 2, we obtain the estimates as in Table [3l|4j and [5] by Theorem 15.51 



a 


h 


1 1 a(a.,b) 
^ + f}{a,b) 


(5(a;L) 




a 


b 


1 1 a(a,b) 
^ + /3(q,6) 


5{a]L) 


9 


1 


1.08700873 


> 2 




88 


10 


1.00176867 


> 2 


173 


11 


2.00305848 


> 3 




89 


10 


1.00412440 


> 2 


2187 


67 


3.00028164 


> 4 




4936 


187 


2.00003131 


> 3 


21609 


379 


4.00001320 


> 5 




4937 


187 


2.00008696 


> 3 


186491 


2119 


5.00000046 


> 6 




159854 


2894 


3.00000007 


> 4 


1476727 


11735 


6.00000012 


> 7 




159855 


2894 


3.00000194 


> 4 



Table 2: The case oi d = I Table 3: The case oi d ^ 2 
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a 


b 


1 1 a(a,b) 
^ + I3{a^b) 


S{a;L) 


549 


48 


1.00024059 


> 2 


550 


48 


1.00057135 


> 2 


78235 


2165 


2.00000009 


> 3 


78236 


2165 


2.00000285 


> 3 



Table 4: The case of = 3 



a 


b 


1 1 a(a,b) 
^ + fHa,b) 


S{a;L) 


2594 


186 


1.00003443 


> 2 


2595 


186 


1.00009445 


> 2 


990205 


21832 


2.00000005 


> 3 


990206 


21832 


2.00000023 


> 3 



Table 5: The case of = 4 
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